Subparts of load carrying structures like airplane windows or doors must be isolated from distortions and hence structural optimization needs to take such shape preserving constraints into account. The paper extends the shape preserving topology optimization approach from simple linear load cases into geometrically nonlinear problems with practical significance. Based on an integrated deformation energy function, an improved warpage formulation is proposed to measure the geometrical distortion during large deformations. Structural complementary elastic work is assigned as the objective function. The average distortion calculated as the integrated deformation energy accumulated in the incremental loading process is accordingly constrained to obtain warpage control. In the numerical implementation, an energy interpolation scheme is utilized to alleviate numerical instability in low stiffness regions. An additional loading case avoids isolation phenomena. Optimization results show that shape preserving design is successfully implemented in geometrically nonlinear structures by effectively suppressing local warping deformations.
Shape preserving design of geometrically nonlinear structures using topology optimization 
Introduction
Over the past three decades, topology optimization has gained wide-spread popularity in academic research and industrial applications, and proven its capabilities in advanced multidisciplinary fields and complicated solutions for practical engineering problem. Recent achievements are summarized in the four review papers [1] [2] [3] [4] . Generally, topology optimization is an efficient way to seek the optimized material distribution in a given design space with the goal of improving structural performances along with one or more constraints, such as displacements [5, 6] , maximum stress [7, 8] or bearing loads [9, 10] , etc.
In practical structural design processes, engineers often require stiffer design results with limited material consumption, i.e. the standard compliance-based topology optimization design formulation. With an objective function of minimizing the global structural compliance, the optimized design result provides a stiff conceptual material layout, which gives guidance for further detail designs. For example, Krog et al. [11] applied a conventional compliance-based topology optimization method to the design of aircraft wing box ribs. Internal load paths in the wing box were automatically updated using a standard compliance-based topology optimization formulation. Recently, Aage et al. [12] demonstrated a topology optimization design of the internal structure of a full-scale airplane wing. The design problem considered multiple aerodynamic loading scenarios with a volume constraint and appropriate boundary conditions. Supported by a supercomputer, giga-voxel resolution produced impressive structural details covering multiple length scales, such as curved spars and diagonally placed ribs.
Moreover, researchers have considered control of structural deformation patterns. For example, Maute and Allen [13] studied wing stiffener layout using topology optimization under aerodynamic loads. An aerodynamically compatible shape was chosen as the objective shape and was preserved by constraining the nodal displacements of the wing tips. Zuo and Xie [14] used a minmax global or sub-domain displacement control to satisfy functional requirements. Therein, a set of nodal displacements was chosen as the constrained set to control position variations.
In many industrial cases such as the design, manufacturing, and assembling of aircraft structures, engineers face challenges in suppressing local warping deformation in order to maintain precise shapes for geometry features or functional surfaces. An example could be an antenna that needs to remain undistorted during deformations of the airplane structure or windows or cabin doors that need to be shielded from outer loads, c.f. Figure 1a . Traditional constraints on nodal displacements or global objective measures cannot describe local deformation behavior properly. Therefore, in the earlier work of Zhu et al. [15] , such local deformation issues were characterized as shape preserving problems and solved by the proposed shape preserving design approach. Li et al. [16] further investigated specific directional local deformation control. Lately, Castro et al. [17] extended the shape preserving approach to dynamic problems. Until now, shape preserving design has only been utilized with the assumption of linear elastic 2 deformations. For some design applications in engineering fields such as soft or slender structure and compliant mechanism, the assumption of small deformations is not valid. And importantly, compared to small displacements conditions, more serious problems of local warping deformation will occur in structures undergoing large deformations. Therefore, it is necessary to further extend the current shape preserving design approach to problems with geometrical nonlinearity. Challenges regarding appropriate choice of objective functions and nonlinear warping constraints make the extension non-trivial compared to the linear case.
In numerical implementation of fictitious domain topology optimization methods with structures undergoing large displacements, a challenging problem has been excessive distortions in low stiffness elements resulting in non-convergence of the nonlinear finite element solver. Several strategies have been developed to circumvent the numerical instability. Buhl et al. [18] proposed to relax the convergence criterion for the equilibrium iterations by ignoring nonstructural nodes surrounded by low density elements. Bruns and Tortorelli [19] developed a method to remove and reintroduce low density elements during the optimization process. Yoon and Kim [20] introduced a connectivity parametrization, where all elements were connected by zero-length elastic springs. Klarbring [21] employed hyperelastic material models with a more physical behavior in compression. Wang et al. [22] proposed an energy interpolation scheme, where the strain energy densities in solid and void regions were interpolated using the strain energy densities for large and small deformation theories, respectively. Luo et al. [23] proposed to resolve the numeral difficulties by adding a special hyperelastic material to the design domain.
In this work, the energy interpolation scheme [22] is applied to alleviate numerical instabilities considering its generality and robustness for general topology optimization problems. Based on a hyperelastic strain energy function, which describes material behavior under large deformation and is a function of the Green-Lagrange strain [19, 21, 22] , an improved warpage formulation weighted by local stiffness is introduced to calculate the geometrical distortion in shape preserving regions. To guarantee a stable solution and practical engineering results, the structural complementary elastic work is assigned as the objective function. The shape preserving design formulation is further established with a proper constraint value based on the integrated deformation energy over load increments. Isolation phenomena are considered and the influence of varying local stiffness is investigated as well. The effectiveness of the shape preserving design approach is validated by several numerical examples.
The remainder of this paper is organized as follows. Section 2 presents the definition of the shape preserving design problem considering geometrical nonlinearity. Section 3 describes density and energy interpolation schemes along with the associated sensitivity analyses. Section 4 presents numerical examples. Conclusions are drawn in Section 5.
Shape preserving design problem considering geometrical nonlinearity
Shape preserving design with structural topology optimization concerns suppressing warping deformation in shape preserving sub domains Ω s while maximizing overall stiffness, c.f. Figure 1b for an illustration. The optimization formulation is modified compared to the previously developed approach for linear analysis [15] . This section first sets up the optimization problem and then discusses and motivates its individual parts in subsequent text and subsections.
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The optimization problem is written as
Here, ρ is the design variable vector containing n e element-based design variables ρ e , describing the material distribution in the design domain Ω. W
c Ω is the complementary work of external forces in the total domain Ω. Φ Ω is the deformation energy integrated over the load history, which is identical to the work of external forces, W Ω , (see e.g. [24] ). W Ω , W c Ω and Φ Ω are identical in the linear case. In the case of geometrical nonlinearity, they are normally different and share the relationship W c Ω +W Ω = W c Ω +Φ Ω = C Ω , where C Ω is the global end-compliance to be defined later. r is the residual in obtaining the nonlinear structural equilibrium with u denoting the displacement vector. u does not enter as optimization variable since it is calculated in an external finite element step using a nested approach [25] . V and V * are the material volumes of the design domain and its prescribed upper bound, respectively. V Ω s is the volume of the shape preserving domain. The warping of the shape preserving domainΦ Ω s is measured by the normalized deformation energy integrated over the loading history. ε sp is the corresponding shape preserving constraint value. W cA Ω and W cA Ω * are the structural complementary elastic work analyzed in an additional load case and its upper bound, respectively, introduced to avoid isolation of the shape preserving domain in specific cases. Detailed discussions and calculations of all the quantities used here are presented below and in Secs. 2.1 and 2.2.
Using a finite element discretization, the structural equilibrium, Eq. (1b), is written as
where f ext is the external nodal load vector and f int = e f int e the internal nodal load vector. In this paper, the external forces are assumed to be design-and displacement-independent. The elemental internal force vector is expressed by
where φ(u) is the hyperelastic strain energy density function that describes the material behavior and u e is the nodal displacement vector of element e. To emphasize generality, we leave for now the specific choice of strain energy density function φ(u) open and hence only decide on a specific form in the example section. The nonlinear system, Eq. (2), is solved using the Newton-Raphson method with the incremental equation given as
where K tan is the tangent stiffness matrix defined as
The nodal displacement vector is updated by u = u + ∆u. Detailed computations of the tangent matrix and the nodal force vectors can be found in Zienkiewicz et al. [26] .
Objective function
For topology optimization with geometrical nonlinearity, there are several possible definitions of the objective function. Other works have considered both end-compliance and end-stiffness objectives, however, these measures may overlook excessive deformations during loading (c.f. example discussed in Section 4.4 and associated load-displacement plot in Figure 23 ). Hence, the structurally most reasonable objective is the minimization of the structural complementary elastic work [18, 24] of external forces f ext , which can be calculated using the trapezoidal rule as
where n is the number of load increments, ∆ f is the increment size determined by ∆ f = f ext /n. u n is the final displacement vector from the incremental loading process and u i is the corresponding displacement vector at the ith load increment. Using this goal, the optimization will result in structurally sound results within the incremental history up to the design load. The alternative definitions of objective function such as end-compliance [18, 22, 23] or alternatively, endstiffness [27, 28] , are much simpler and more direct in calculation but may produce less sensible designs as elaborated below.
The end-compliance function can be expressed as
which is only calculated in the final equilibrium, i.e. in the nth incremental load step. Therefore, it can be considered as a particular form of the complementary elastic work with only one load increment. However, this definition, as well as the end-stiffness may result in structures that are only optimized for the prescribed load but have non-proportional and excessive displacements for smaller loads, c.f. [18] . Thus here we focus on the minimization of the complementary elastic work. Nevertheless, we also include a numerical example minimizing the structural endcompliance for completeness and to demonstrate its deficiencies in Sec. 4.4.
To complete this subsection, we also define the integrated deformation energy as
and the work of external forces as [24] W Ω =
where f ext (u) means the corresponding incremental external force during load increments. Note that, the integrated deformation energy is a self-defined energy function, which is based on the nonlinear energy density φ(u). It is in this study proposed to calculate the stored energy during the whole loading process. Based on Eqs. (2), (8) and (9), one can conclude that the integrated deformation energy over the whole domain, Φ Ω , is identical to the work of external forces, W Ω . Finally, we repeat the relation between above defined measures as
Shape preserving constraint function
In order to acquire a useful measure of the warping deformation under geometrical nonlinearity, we here use the hyperelastic strain energy Φ. As shown in Figure 2 , the strain energy of a 0.01 m × 0.01 m plane element with a thickness of 0.001 m after a rotation of 10 degrees is calculated to be 0 kJ by a nonlinear FEA method, while linear FEA, Φ L , produces a non-zero result. Thus, the constraint function based on a linear strain energy measure as used in previous linear cases [15, 16] , would restrain also rigid body rotation and hence may not serve as a proper constraint for nonlinear shape preserving purposes.
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6.92 kJ 0 kJ Instead we propose a refined criterion for a normalized warpage functionΦ Ω s based on the integrated deformation energy over the shape preserving domain Φ Ω s . This can be written aŝ
where E Ω s is the Young's modulus in the shape preserving domain and E 1 is the Young's modulus of the base material in the general design domain. Here, E 1 serves as a normalization factor which makes the warpage measure directly comparable to the overall integrated deformation energy and hence makes the choice of constraint value simpler. Also, the normalized criterion value is independent of the local stiffness and hence yields a stiffness independent measure of the geometrical distortion. This effect will be discussed further and demonstrated in Sec. 4.1.
Similar to the integrated deformation energy over the whole domain (8) , the integrated deformation energy in the shape preserving domain is defined as
where f int Ω s is the internal nodal force vector in Ω s . It can be seen that the integrated deformation energy is calculated with the shape preserving domain's internal force vector, which depends on the loading history. Further details of this computation and the associated sensitivity analysis can be found in Appendix A.
As shown in Eq. (1d), the warpage energy constraint function is implemented with a relative constraint value ε sp between the average warping energyΦ Ω s /V Ω s in the shape preserving domain and the global average warping energy Φ Ω /V * . Using the averaged energies makes the constraint independent on volume fractions. With a properly chosen constraint value ε sp in Eq. (1d), the average level of warping energy in Ω s is suppressed to a proportion of the global average warping energy. As a desired result, the deformation of the considered shape preserving subdomain is constrained to near rigid body movements.
As described so far, the calculation of the integrated deformation energy in the shape preserving domain is based on the accurate deformation pattern of the shape preserving domain as shown in Figure 3 (two leftmost subfigures). Alternatively, to deal with the situation where the shape preserving domain is only connected to the main structure in discrete points, the integrated deformation energy calculation in the shape preserving domain may be based on much coarser measurements using a few key points as shown in Figure 3 (two rightmost subfigures). With this alternative representation the shape preserving domain approach is changed into a multi-point one and the multi-point deformation energy is calculated based on the corresponding internal forces of the coarse elements with the same material properties as the shape preserving domain. Apart from allowing increased flexibility in the control of the shape measure, the alternative approach also caters for the special situation where the shape preserving domain is void (or E Ω s = 10 −9 ). In this case, the key points can be selected as some boundary nodes describing only the perimeter of the shape preserving domain. Relevant multi-point design results are presented in Sec. 4.3. 
Prevention of isolated shape preserving domains
The constraint function with an additional load condition, Eq. (1e), is added to the formulation to avoid the shape preserving domain to be isolated. The problem to be avoided is illustrated in Figure 4 (a), where a cantilever beam is subjected to evenly distributed horizontal stretching force of f = 10 kN. The integrated deformation energy in the shape preserving domain is constrained to eliminate local warping deformation. The non-surprising optimized design is shown in Figure 4(b) . Naturally, the shape preserving domain is isolated from the supporting structure and thus totally undeformed. Such a solution, where the integrated deformation energy in the shape preserving domain is zero, is mathematically feasible, but has no engineering value.
Therefore, an additional load case is introduced to circumvent disconnected shape preserving domains. As shown in Figure 5 (a), a small downward concentrated force (or alternatively a gravitational load) of f Add = 0.1 kN, i.e. 1 % of the external load, is added to the centroid of the shape preserving domain. With Eq. (1e), a constraint on the complementary work produced by this additional load case is included in the optimization problem, where the upper bound value W cA Ω * is set to 0.1 (100 times the initial one). Since the magnitude of this additional load case is relatively small compared to the major load scenario and it mainly serves to ensure connectiveness of the local region, the analysis of this additional load case is linear. The corresponding optimized design is shown in Figure 5 (b). The additional constraint results in an optimized design where the shape preserving domain now is connected to the main structure.
Remark, however, that the deformation pattern of this stretching force example is quite simple, and hence provokes the unwanted island. For other design problems with more complex geometries or load conditions we did not observe the island issue and hence the additional constraint function is inactive. This holds for all other examples considered here. In practice, the extra constraint may only be needed under very special circumstances. 
Density interpolation and projection filtering
The following modified SIMP interpolation scheme [29] is used to relate the physical density of element e, ρ e , and the Young's modulus. This is expressed as
where E 1 is the Young's modulus of the solid material in the design domain, E 0 is the Young's modulus of void, which is non-zero to avoid the singularity of the tangent stiffness matrix (here E 0 = 10 −9 E 1 ). p is the penalty factor. To promote discrete final designs, the physical density is represented by a smoothed Heaviside projection function [22, 30] based on the hyperbolic tangent function, stated as
whereρ e is the filtered density of element e. β controls the sharpness of the projection and η is the threshold value between 0 to 1. When β → ∞, designs are forced towards pure 0-1 solutions. The filtered density is calculated asρ
where x j are the center coordinates of element j. v j and ρ j are the volume and design variable value of element j, respectively. N e is the neighborhood of element e within a certain filter radius specified by N e = j x j − x e ≤ r , and w e (x j ) = r − x j − x e . In all examples in this paper, the radius r in the density filter is set to 3.5 times the average element size, and the threshold value η is set to 0.5. A continuation scheme proposed in [22] is applied to the penalization parameter p to avoid instabilities associated with the original grey starting guess (starting with a uniform porous starting guess and high penalization factor results in an extremely soft structure for which finite element convergence cannot be achieved). p is hence raised in steps of 0.05 from 1.0 to 3.0, every two iterations when p < 2.0 and every five iterations when p ≥ 2.0. To obtain a better 0-1 convergence, a continuation scheme is also employed to increase β in Eq. (13) after p = 3.0. β is updated every 10 iterations from 4 to 64 using β = 2 × β. For clarity, only elements with a physical density equal to or bigger than 0.5 are presented in the visualizations of the design results, although we remark that due to the projection approach there remain very few elements with intermediate densities in the optimized results.
Energy interpolation scheme
To avoid numerical instabilities induced by excessive deformations in low stiffness regions during the topology optimization process, the energy interpolation scheme proposed by Wang et al. [22] is implemented. The strain energy density in a solid or intermediate density element corresponds to the nonlinear one, whereas the strain energy density in a void element simply corresponds to the linear one considering small deformations. This energy interpolation form for element e is expressed as
where u e is the elemental nodal displacement vector. φ H (·) refers to the hyperelastic strain energy density and φ L (·) is the linear one under small deformation, both with unit Young's modulus. This interpolation scheme assumes that the Young's modulus is separable from the energy function. Based on Eqs. (3), (12) and (15), the relationship between the elemental internal force vector and physical density variable can be simply expressed as
where f int e0 is the internal force result of the unit Young's modulus of element e. The interpolation factor γ e is defined as a threshold, again using a smoothed Heaviside projection function to ensure a smooth and differentiable transition
where γ e is 1 for elements with ρ p e > ρ 0 and 0 for ρ p e < ρ 0 . The control parameters in Eq. (17) are fixed to be ρ 0 = 0.01 and β 1 = 500 for all examples as suggested in [22] .
Note that above energy interpolation scheme is also used in the structural analysis of the shape preserving domain, i.e. for very low stiffness of the shape preserving domain, it is modelled using linear strain energy density φ L . However, in order to model both rigid motion and rotation, the corresponding strain energy in the shape preserving constraint function is still calculated based on the nonlinear one, i.e. the original φ(u e ) without the interpolation of Eq. (17).
Sensitivity analysis
The optimization problem in this paper is a typical nonlinear programming problem solved using a gradient based method, where the search for the optimized design takes place along a single path whose trajectory is determined by the gradients of the objective and constraint functions. The efficient adjoint method is utilized for computing the gradients of all structural functions F with respect to the elemental physical density ρ e . All the derivations are summation results related to load increments, i.e.
where λ i and r i are the adjoint variable vector and the nodal residual force vector in the ith incremental load step, respectively. λ i is obtained by solving the linear system solution as
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where
is the tangent stiffness at the ith converged solution with the corresponding displacement vector u i . Considering the energy interpolation scheme, ∂r i /∂ρ e is further calculated as
where f int i is the internal nodal force vector in the ith incremental load step. The final sensitivity of F with respect to the design variable ρ e is calculated following the chain rule [22] 
where F j is the elemental design functions of element j. Detailed derivations of this sensitivity analysis for the objective function of the complementary elastic work as well as the end-compliance can be found in [18] . The sensitivity analysis of the shape preserving constraint function with the integrated deformation energy is presented in Appendix A. Based on the sensitivity analyses, the structure is iteratively updated using the Method of Moving Asymptotes (MMA) [31] .
Numerical results of shape preserving design
In this section, shape preserving design with geometrical nonlinearity is tested on two classical 2D problems. Multi-point shape preserving designs with void regions are studied as a special case. Formulations and derivations in the previous sections assumed an arbitrary hyperelastic material model. In the following examples, the classical Saint Venant-Kirchhoff strain energy density function is used to describe material behavior of the base material. This is a valid model when considering large displacements but small strains as verified for studies with similar parameters but without shape preserving domains [22] . Potentially, it is straight forward to substitute the simple Saint Venant-Kirchhoff model with other more advanced materials laws but this is not expected to change the present optimization results in any significant way as discussed also in [22] . In that paper it was shown that despite large deformations, strains stay small in load carrying solid regions and hence alternative material laws only influence low-density regions and hence algorithmic convergence and not structural performance.
Shape preserving domains are non-designable. The base material used in this section is Nylon with Young's modulus E 1 = 3.0 GPa and Poisson's ratio ν = 0.4. Numerical solutions are obtained using equally sized load increments being 10 kN under the plane strain assumption. The optimization procedure is implemented in a MATLAB platform and typically requires 500 iterations to converge. The number of Newton iteration steps per system solve is mostly below 5 and CPU time per optimization iteration is around 40 seconds. Clearly, code optimization or porting to a low level computing language could improve computational time considerably.
The optimization loop is terminated when the maximum absolute difference between two consecutive designs (in terms of design variables) is less than 1 %. The external move limit for updating the design variables in MMA is set as 0.05. The starting design guess is a uniform density distribution satisfying the volume constraint in the design domain.
Cantilever beam with a rectangular shape preserving domain
As shown in Figure 6 , the first example considered has a rectangular shape preserving domain (0.2 m × 0.1 m) embedded in the middle of a cantilever beam (1.0 m × 0.25 m) with a thickness of 0.1 m. The beam is clamped at the left edge and subjected to an external load of f = 150 kN downwards at the midpoint of the right edge. The material property of the shape preserving domain is E Ω s = 0.1 × E 1 = 0.3 GPa, ν Ω s = ν = 0.4. The total structure is discretized using a mesh of 120 × 30 4-node plane elements. With a 50 % material volume constraint, a standard design problem minimizing the global complementary elastic work without the shape preserving constraint is solved first. The corresponding (deformed) optimized design is shown in Figure 7 . The resulting global complementary elastic work W c Ω is 12.043 kJ, while the normalized warping energyΦ Ω s in the shape preserving domain is calculated as 3.189 kJ. The global integrated deformation energy Φ Ω is 11.785 kJ (corresponding to a relative warping measure of 156 %, c.f. Eq. (1d)). We observe that the resulting topology is slightly non-symmetric as expected, considering the rather large load applied. The deformed configuration of the shape preserving domain is compared to its original shape indicated by red lines. To further illustrate the effect of the shape preserving constraint, the normalized deformation energy distribution is also illustrated in the local deformation plot. This clearly shows that the sub-domain is undergoing large warping deformations that result in a distorted appearance.
Structural deformation
Local deformation To eliminate such undesired deformation, the shape preserving constraint is introduced with different upper bound values of ε sp in Eq. (1d). Corresponding shape preserving design results under each constraint value are illustrated in Figure 8 .
As shown in the local deformation result under the constraint value of ε sp = 25.0 %, the warping deformation in the rectangular block has mostly been suppressed. Nevertheless there is still some distortion in the top-right corner. To further improve the local performance, the constraint value is subsequently decreased to 12.5 % and 5.0 %. For stronger enforcement of the energy constraint the design changes towards a shorter cantilever beam with an added thinner truss like extension structure. The load carrying path slickly circumvents the shape preserving domain, resulting in an almost perfect shape preserving effect. The corresponding optimized objective function and normalized warpage energy function are 13.244 kJ and 0.112 kJ, respectively for the 5.0 % case. It is seen that the stronger the shape preserving constraint, the bigger the objective function. The enhancement of local shape preservation hence comes at the cost of decreased global stiffness. Therefore, a proper constraint value is important to determine the performances of shape preserving design results. After numerous tests, we suggest that an appropriate constraint value could be chosen between 50.0 % and 5.0 % depending on design case. Figure 9 shows the evolution processes of the objective function and shape preserving constraint function for the three cases in Figure 8 . In the 5.0 % case, at the beginning of the optimization (e.g. before the 50 th iteration), the structure is rather weak and a too strict shape preserving constraint may jeopardize initial convergence. Thus, to ensure a stable optimization, a continuation method is also suggested to be applied on the shape preserving constraint value. For small constraint values (e.g. 15.0 % to 5.0 %), the design process will firstly start from a larger one 
Iteration numbers
Objective function Shape preserving constraint Figure 9 : The evolution process of the objective function and constraint function of shape preserving design results in Figure 8 (e.g. 100.0 % to 60.0 %) to obtain an intermediate result with sufficient structural stiffness before p ≤ 2. Then the constraint value is gradually decreased in steps of −0.1 from the initial one to the final one, along with the increment of penalty p until p = 3.
As stated above and in Sec. 3.1, we apply a continuation approach on parameters ε sp , p and β, to ensure best and most efficient convergence. These parameter updates are similar to those suggested in [18, 22] and the same settings are used for all the examples presented. To further indicate the robustness of the continuation approach applied on different parameters, both 25.0 % and 5.0 % cases in Figure 8 are resolved with a finer mesh and a starting guess of full solid material at the same time. The corresponding design results are shown in Figure 10 . As expected, similar results are generated but with better objective functions.
Considering the plane strain assumption used in this paper, it is worth mentioning that the 2D hypothesis is an important point that must be considered in geometrically nonlinear design. As stated in [32] , the optimized topologies and objective function values are different between the plane strain condition (PE) and plane stress condition (PS). Here, the 25.0 % case and 5.0 % case are resolved again with plane stress assumption. The design results are illustrated in Figure 11 . As expected, the objective function value for the PS condition is higher than the one with PE. The compared results also show that the proposed shape preserving design method works well for both conditions with stable solutions. Influence of the stiffness of the shape preserving domain Next, the influence of different stiffnesses of the shape preserving domain is investigated based on the constraint value of 25.0 %. The stiffness of the shape preserving domain is represented by its Young's modulus E Ω s and can be defined with a linear relationship α to the structural stiffness E 1 , i.e.
E Ω s = αE 1 .
As shown in Figure 12 , shape preserving designs under different stiffnesses of the shape preserving domain result in different optimized configurations, especially regarding the material layouts surrounding the shape preserving domains. In the figure, deformed solid regions are displayed in a lighter color corresponding to their Young's modulus. With a relatively high stiffness, the shape preserving domain is able to protect itself from distortion. Hence, in the design results for α = 1 and α = 0.5, structural stiffnesses are reinforced and the shape preserving block is only connected with some necessary branches. When the stiffness of the shape preserving domain is as weak as 1 % of the design domain, the block is much more prone to warping deformation. Thus, the load carrying path around the shape preserving region is reinforced to prevent local deformation. As discussed in Sec 2.2, the shape preserving constraint function based on the normalized 
L-shaped beam with a square shape preserving domain
The second case study concerns an L-shaped beam with a shape preserving domain in the knee as shown in Figure 13 . The beam with a thickness of 0.1 m is fixed at the upper edge and subjected to an external load of f = 100 kN at the center of the right edge. Other geometrical dimensions are given in the figure. The shape preserving domain's material property is E Ω s = 0.1 × E 1 = 0.3 GPa, ν Ω s = ν = 0.4. The structure is discretized using a mesh with 80 by 80 4-node plane elements subtracting a 48 by 48 void mesh of the upper right part of the beam.
The standard design result with minimized structural complementary work and a volume constraint value of 40 % is shown in Figure 14 . The final optimized W c Ω becomes 2.962 kJ, while the normalized warping energyΦ Ω s is 2.330 kJ with notable distortion in the shape preserving domain.
Thereafter, shape preserving designs under different constraint values are conducted to eliminate the local warping. Corresponding design results are shown in Figure 15 . In the result of ε sp = 15.0 %, the shape preserving effect is well recovered, with the square moving in a rigid body fashion and its original shape preserved.
Cantilever beam with a multi-point shape preserving domain
Next, we revisit the cantilever example but with slightly changed geometry as shown in Figure 16 . The shape preserving domain located in the middle square region is changed into void and a non-designable solid frame outlining the domain. The multi-point integrated deformation energy Φ Ω s is evaluated by two corresponding coarse elements and their six associated key points on the boundaries of the shape preserving domain. The (pseudo) stiffness of the void domain is E Ω s = E 0 = 10 −9 E 1 , whereas the frame's material property is the same as the design structure, i.e. E Frame = E 1 .
First, the structure is optimized without the shape preserving constraint as presented in Figure 17 . In the multi-point deformation results, deformed coarse elements are illustrated with black edges. The objective function W c Ω is optimized to 12.507 kJ and the normalized warpage functionΦ Ω s measured by the coarse elements is 1.963 kJ. Large warping displacements are visible between the multiple key points and change the void's original geometry from a rectangular shape into a rhombus-like one.
To preserve the outline of the void region and maintain the original distances between the key points, the multi-point shape preserving design [15] methodology is implemented under different shape preserving constraint values and results are listed in Figure 18 . For comparison with the multi-point design with a coarse measurement of the integrated deformation energy, another shape preserving design based on the one calculated by the full measurement is included. The design result is shown in Figure 19 under the constraint value of ε sp = 30.0 %.
A zoom-in on the deformation of the frame is shown in Figure 20 . The multi-point design constraint only controls distortions at the key points, while the full measurement approach ensures shape preservation everywhere. Similar differences were also found for the linear case as discussed in [15] . Although the warping deformation inside the shape preserving region is not considered in the multi-point constraint, the internal parts will only be slightly distorted if the outer boundaries are well-preserved.
The outline of the shape preserving domain in the considered cantilever beam problem is very regular, i.e. rectangular. In general, the outline could also be a curved line or have a complex shape. Then the full measurement based on mesh nodes will introduce some difficulties on the boundary calculation and the description of the feature may not be very precise. However, using key points to describe and calculate some primary deformation situations is simpler and more flexible. Another motivation for the coarse measurement is that it is not always possible to establish a full measurement, such as the air inlet outline shown in [15] . There is no void mesh for this spatial profile. Here, the multi-point way based on the boundary key points is very suitable and achievable. The difference is most pronounced for larger loads and hence the same cantilever beam problem as in Sec. 4.1 is used here with a larger load of 230 kN. The resulting design, simply minimizing the complementary elastic work, is shown in Figure 21 . Subsequently, shape preserving design is carried out with a warpage constraint value of 25 % which is the same as the 25.0 % case in Figure 8 . Then, another design minimizing the end-compliance with the same constraint value is run for comparison. Both design results are shown in Figure 22 . The design obtained for the complementary elastic work objective results in a reasonable structure as expected, while the end-compliance design generates a hanging rightmost bar, which is vertical in the deformed configuration [18] .
Further comparisons of the two designs are based on their force-displacement curves in Figure 23 . Here, it is clearly seen that the design obtained for the end-compliance objective has a 
Conclusions
In this paper, the shape preserving design approach has been extended to the design of geometrically nonlinear structures. Compared to simple linear problems, an improved shape preserving design formulation considering geometrical nonlinearity is proposed to remove the warping deformation in shape preserving domains. Minimum complementary elastic work is assigned as the objective function for stable and practical design results. On the basis of integrated deformation energy, a normalized warpage function is introduced to calculate the geometrical distortion throughout the incremental loading history. The cumulative distortion is constrained to achieve a desirable shape preserving effect, where the considered region moves only in rigid body motion. An additional load case is included to circumvent isolation of the shape preserving domain.
Several numerical examples are tested and parameter studies such as the influence of different constraint values and local stiffnesses as well as the multi-point shape preserving design are carried out. All of the design results clearly demonstrate that warping deformations in shape preserving domains can be effectively suppressed using the suggested setup. Although the approach is validated using only 2D examples based on the Saint Venant-Kirchhoff strain energy density, it is straight forwardly applicable to the 3D case and alternative hyperelastic constitutive material models with minor modifications. Geometrically nonlinear topology optimization has been performed before without shape preserving constraints in Wang [33] . We remark that the structures presented undergo large displacements, but that strains in solid regions are still relatively small. Hence alternative choices of hyperelastic models are not expected to have a noteworthy influence on optimized device performance for the considered examples but may change algorithmic stability due to deformations in low density regions.
where f i Ω s and u i Ω s is the internal force and displacement vector of the shape preserving domain Ω s in the ith load increment, respectively.
Sensitivity of the integrated deformation energy function in the shape preserving domain with respect to the physical density variable ρ e is calculated using adjoint sensitivity analysis. The derivation is further expressed as
∂Φ where K tan i is the symmetrical tangent stiffness matrix for increment i, and ∂r i /∂u i = −K tan i . Thus, the corresponding adjoint load for the ith load increment is expressed as 
